Abstract. In this paper we show the existence of smooth connected space curves not contained in a surface of degree less than m, with genus maximal with respect to the degree, in half of the so-called range A. The main tool is a technique of deformation of stick-figures due to G. Fløystad. , then every curve X of degree d satisfies h 0 (P 3 , I X (m − 1)) = 0.
Introduction
A classical problem, which goes back to Halphen [H] , is to determine, for given integers d and m, the maximal genus G(d, m) of a smooth projective curve of degree d not contained in a surface of degree < m. This problem is actually very natural, and it is in fact one of the cornerstones of the numerical classification of space curves.
The problem (see [Ha2] , [GP2] , [E] , [ES] , [S1] , [S2] ). d, then G(d, m) is exactly known. In range A, the upper bound for the genus is obtained by using Clifford's theorem (see [Ha1] ). A long-standing conjecture is that G(d, m) = G A (d, m); i.e. this genus is actually obtained by some smooth curve.
Two of the present authors announced [BE] an asymptotical solution for it; later on Ch. Walter announced a complete result about curves with seminatural cohomology which implied a positive answer to the conjecture. No written proof has appeared since then, due mainly to the technical nature of both proofs, which heavily used the so-called "méthode d'Horace", which leads to heavy, intricate, and sometimes cumbersome constructions.
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In this note we give a positive answer to "half" of the problem (see Remark 2.5), with an approach based on the so-called "stick-figures" and which is inspired by the work of Gunnar Fløystad [F] (all techniques are in fact developed in that paper). This construction avoids completely the use of the "méthode d'Horace" by using the smoothing techniques of Hartshorne and Hirschowitz [HH1] . The curves that we find were actually already constructed in [F, 4.3] , although their existence is not included in the statement of Fløystad's main theorem 4.10 (see Remark 2.7). Our approach allows us to clearly point out their properties, thus showing immediately that they give a solution to the range A conjecture.
Let us denote
if m is even, 
The construction is simple, once one succeeds in visualizing the combinatorial behaviour of this suitable family of stick-figures with the help of a diagram. In §1 we discuss some preliminaries: how to draw a diagram carrying the combinatorial properties of the stick-figures that we use; how to check their degree, their genus, their connectedness; the number of nodes lying on every line; and so on.
In §2 there is the main construction: we choose stick-figures with the needed cohomological properties, and we check that they are smoothable, thus answering the range A problem in the upper half of the interval of degrees.
§3 is a digression: we discuss the behaviour of the normal bundle of these stickfigures.
In §4 we show how to modify the construction in order to get curves with genera lower than the maximal possible one ("generalized range A") and such that the restriction map, at the critical value, has maximal rank, and in fact we prove:
A "dual" statement can also be proved: (
Even if these results are not as complete as those announced by Ballico-Ellia and Walter, we think that it is worthwhile to have them, since this approach is different and the proof is written and, we hope, easy to read.
We thank the referee for his remarks and suggestions, especially for pointing out to us the fact that the stick-figures that we describe in Proposition 2.2 were already constructed by Fløystad in paragraph 4.3 of his paper and for suggesting the questions discussed in the Appendix.
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Generalities
We will always work in P 3 , the projective space over an algebraically closed field of characteristic zero. For more details and results about stick-figures the reader is referred to [HH1] . Let a 1 = 0, a 2 = 0, . . . , a p = 0, and b 1 = 0, b 2 = 0, . . . , b p = 0, be the equations of general planes in P 3 , and let us denote by F p the complete intersection stick-figure
We denote by L ij the line a i = b j = 0. If Y is a sub-stick-figure (where this is taken in the obvious sense) of F p , we denote
Since the planes are chosen generically, then L pq ∩ L rs = ∅ if p = r and q = s. When we need an ordering on the pairs (i, j), we will use the lexicographical order. Now let K p be the sub-stick-figure of F p containing the lines L ij with i ≤ j, i.e. Λ Kp = {(i, j)|i ≤ j}. It is easy to prove [F, Lemma 2.11] that K p has a presentation
where Φ t is the matrix of linear forms
So, K p is a degeneration of the well-known family of smooth, arithmetically normal curves having a presentation of the form This curve has degree d =
− 1, and it satisfies
In the sequel we will consider only sub-stick-figures of a given F p , chosen as above with 2p general planes. We associate to such a sub-stick-figure Y a diagram (see Figure 1) . In an N × N plane we mark a dot in position (i, j) if (i, j) ∈ Λ Y ; i.e. if the line L ij is an irreducible component of Y. We call the figure thus obtained the diagram of Y. So, for instance, the diagram of F p is the p × p square in Figure  1 .
The diagram of K p is the upper triangle in Figure 2 . The degree of Y is equal to the number of dots in Figure 2 , and two lines meet if and only if the corresponding dots are on the same horizontal or vertical line of the diagram (since the planes a i 's and b j 's are general). This fact gives a simple procedure for counting the number of nodes lying on a line L ij : it is equal to N(L ij ) := #{dots on the vertical x = i} − #{dots on the horizontal y = j} − 2.
With this remark, the genus of Y is given by the formula 
and vice versa. Proof. There is an exact sequence
. If we tensor (2) with O P 3 (r − 1) and we pass to the long cohomology sequence, we get an exact sequence
from which the result follows immediately.
Remark 1.6. This lemma simply means that, given a "good" curve Y of level r − 1 (in the sense that h i (P 3 , I Y (r − 1)) = 0 for i = 0, 1, 2), it is possible to add or "pick away" r-secants (when possible, for instance when Y is a stick-figure), without changing this cohomological vanishing.
Of course, more precise information can be obtained if needed, for instance on the vanishing of cohomology groups for other twists, and this will be done when only some vanishing will be needed. Now we come to the study of the possibility of smoothing a stick-figure. Since stick-figures are curves with only simple nodes, the main smoothing theorem was proved by Hartshorne and Hirschowitz in [HH1] . It involves the cohomology of (the twists of) the normal bundle of the curve, and the technique for applying it to stick-figures was developed mainly by Fløystad [F] . Hence we describe here his approach, trying to make it easy to handle, via the above diagrams.
Following [F] , if Y ⊂ K t is a sub-stick-figure and L pq is a line in Y, we denote
We can visualize Y as K t with a certain number of lines taken away. Recall that a node is individuated, in the diagram of Y, by a pair of dots on the same horizontal or vertical line (i.e. two lines on the same a-plane or b-plane). It will be important to distinguish between the nodes of F p which are on Y but which are no longer nodes of Y from those which are still nodes of Y: the first ones correspond, in the diagram of Y, to pairs of points with integer coordinates with a "missing" dot, with respect to the "full" square diagram of F p ; the other ones correspond to "real" pairs of dots. These integers will count exactly the number of "ghost" pairs and the number of "true" pairs. We will perform in §3 a detailed study of the cohomology of the normal bundle of stick-figures that we construct in §2 (in particular, we will study the dimension h 1 (Y, N Y (−2))), but in order to smooth them the following lemma is enough: 
The main construction
We will do the construction in full detail for m even; the case m odd is completely analogous. We begin with an easy lemma. Let Z p = {1, 2, . . . , p}.
∈ Im(f ) and m Y,b (p, q) − 1 otherwise. Hence |d(p, q)| ≤ 1, and the conclusion follows from Lemma 1.7.
Let us denote
if m is even,
if m is odd; 
(Note that this is not an asymptotic result.)
Thanks to Lemma 1.7, Y will be smoothable, and by semicontinuity the general smooth curve thus obtained will have the same cohomological properties. Let us fix an integer m even, and let us consider the stick-figure K m . It satisfies When all the lines corresponding to the dots of the arrangement y = x + 1 are taken away, we have a stick-figure X, having degree
for every (i, j).
But now the dots (x, x + 3), x = 1, . . . , m − 3, represent disjoint lines which are m-secant; we can repeat this "picking away". And then we go on as in Figure  4 ; at every step finding a smoothable stick-figure satisfying the two properties , and we can pick away ( m 2 ) 2 lines; in this way we find smooth connected curves with the properties (1)
, and a curve with two connected components for d = ) has two connected components, as already noted by [F, Lemma 4.4] . One can easily see from Figure 4 that they are in fact two stick-figures of the type K (m/2) : white dots correspond to lines that are picked away, black dots to one connected component of the last stick-figure, and grey dots to the other one.
A slightly different strategy of "picking away lines" is needed if we want also a smooth connected curve of degree Proof. Let X be the smooth curve constructed in Proposition 2.2. We have χ(I X (m − 1)) = 0; hence the result follows from the Riemann-Roch theorem.
Remark 2.5. From the corollary above, we can see that more than half of the curves of maximal genus in the range A can be obtained with this procedure by smoothing , where p m is 1 if m is odd, 0 otherwise. So, if we just consider the case s = 0, this is exactly the procedure that we explained above (we will show in the Appendix how to see Fløystad's paragraph 4.3 in our diagrams, explaining the way for pushing it a little further).
But while expressing the numerical results of this procedure, many of these curves are somehow "forgotten" in Fløystad's paper. We will first give a numerical example, and then we will explain the reason for this.
Theorem 4.10 of [F] states that for all pairs of integers (d, g) such that d ≥ 1 and 
Figure 6 (23, 8) , . . . , respectively, are not included in Theorem 4.10 of [F] . (See Figure 6 .)
The reason for this is simple. Figure  4 , where we marked with a bold line the curve C 1 (d). So we clearly see why many of the curves that we are interested in are forgotten in the statement of Theorem 4.10 of [F] .
For a more detailed discussion of Fløystad's Figures 3 and 4 in terms of our diagrams see the Appendix.
Cohomological behaviour of N Y (−2)
In this section, which is independent from the other parts of the paper, we will perform a detailed study of H 1 (Y, N Y (−2)), where Y is a stick-figure arising from the construction of Proposition 2.2. It is possible to see exactly where the obstructions to the vanishing of this group are. We need to recall here the details of Fløystad's approach to the description of the normal bundle of a stick-figure (in fact, the first part of this paragraph is nothing but a re-writing of part of [F, §2] that we need in order to make understandable what follows), and we will reduce the computation of the dimension h 1 (Y, N Y (−2)) to a combinatorial study of the stick-figure Y. We follow (up to some minor changes) wherever possible Fløystad's notation. The main idea is to decompose the cohomology groups involved in order to point out the "contribution" of each node and each line to h 1 (Y, N Y (−2)). As in §1, let a 1 = 0, a 2 = 0, . . . , a p = 0 ("a-planes") and b 1 = 0, b 2 = 0, . . . , b p = 0 ("b-planes") be the equations of general planes in P 3 , and let us denote by F p the complete intersection stick-figure given by the equations
Its nodes are divided into two sets:
a-nodes: a-nodes are those nodes which are the intersection of two lines lying on an a-plane. We denote by P i;(j,k) the node given by the intersection of the lines L ij and L ik ; these lines lie on the a-plane a i = 0. We denote by S Y,a the set of a-nodes of Y.
b-nodes: b-nodes are those nodes which are the intersection of two lines on a b-plane; we denote by P (i,1);j the node L ij ∩ L lj , and by S Y,b the set of b-nodes.
We will use a suitable natural splitting of N Y . Recall that the stick-figure Y is a sub-stick-figure of F p , where F p = A∩B, and A is the reducible surface of degree p whose equation is a 1 · a 2 · · · · · a p = 0, and B is the reducible surface of degree p whose equation is b 1 · b 2 · · · · · b p = 0. Hence the normal bundle of F p splits:
where N Fp/A (resp. N Fp/B ) is the normal bundle of F p in A (resp. in B), which we will denote by L A (resp. by L B ). Now if X is a curve with isolated singularities, let T 1 X = P ∈Sing X T 1 X,P be the cokernel of the natural map T P 3 ⊗ O X → N X . This sheaf has support on the singularities of X, and T 1 X,P has length one if P is a single node, as in our situation (for more details about T 1 X the reader is referred to [HH1] ). If G is a subset of Sing X, we will write T 
Hence the sequence ( * ) splits as
Hence the long exact sequences to be studied are
and in particular we want to give a bound for
and
Let us study the first group. As in [F, §2.7] , one finds a commutative diagram
from which we get (in [F] there is an explicit description of the maps) that
) is generated by the images of the forms
which are in fact a basis; we denote these images by a s ij . Hence we decompose
as F 1 ⊕ F 2 , where F 1 is generated by the forms a s ij for which the b-node P (i,s);j = L ij ∩ L sj belongs to R Y,b , and F 2 is generated by the forms a s ij for which the node P (i,s);j belongs to S Y .
In other words, F 1 is generated by the forms a s ij for which the line L sj / ∈ Y, and F 2 is generated by the forms a s ij for which the line L sj ∈ Y. We also decompose the image
that we simply will write
Again as in [F, §2.9] , we decompose F 2 as G 1 ⊕ G 2 , where G 1 is the subspace generated by the forms v ii ,j = a i ij + a i i j , where i, i and j are such that the node P (i,i );j ∈ S Y , and G 2 is the subspace generated by the forms a i ij for which the node P (i,i );j ∈ S Y , and i < i .
As above, the map G 2 → H b is an isomorphism and
If we denote by V ij the space generated by the forms
But we have a similar decomposition of H a as a direct sum (i,j)∈ΛY H aij , where 
From a flag-type lemma we get again that dim(coker Φ) ≤ (i,j)∈ΛY dim(coker Φ ij ). From our construction, it follows (for our stick-figures constructed in §2) that |d(i, j)| ≤ 1; hence every line L ij for which d(i, j) = 0 gives a contribution of dimension 1 to (i,j)∈ΛY dim(coker Φ ij ) (either to the A-part or to the B-part, depending on the sign of d (i, j) ). Hence 
Generalized range A (upper half part)
Our main proposition (Corollary 2.4) gives the existence of smooth, connected curves of the maximal possible genus, for a given degree in a certain range, not lying on a surface of degree m − 1. This was obtained by first constructing a suitable stick-figure Y, that was proved to be smoothable, with 
